The newly observed hidden-charm meson Z + c (3900) with quantum numbers J P = 1 + is considered as a hadronic molecule composed ofDD * . We give detailed predictions for the decay modes
I. INTRODUCTION
Recently the three experimental collaborations BE-SIII [1] , Belle [2] and CLEO-c [3] reported on the observation of a new charged resonance Z c (3900) detected via the decay channel J/ψπ ± . This observation of a charged, hidden charm state embedded in the charmonium spectrum presents clear evidence for an exotic meson resonance. Interpretations of this unusual state were immediately presented, dominantly focusing on either a compact tetraquark configuration [4] [5] [6] or a molecular state [7] [8] [9] [10] [11] .
One of the tools in identifying the underlying structure rests on the study of the decay patterns of the Z c in addition to the discovery decay mode J/ψπ ± . For example, predictions for the strong two-body transitions Z + c → H + π + with H = Ψ(nS), h c (mP ) were already worked out in the context of a hadronic molecule interpretation [11] (see also extension on bottom sector Z b [12] ). In the present work we extend to the radiative and dilepton decays of the hadronic molecule Z + c (3900) proceeding as Z + c → J/ψπ + γ and Z + c → J/ψπ + ℓ + ℓ − (ℓ = e, µ). Radiative and dilepton decays can shed light on the composite structure of the Z + c (3900): decay patterns and decay widths will depend on the structure assumption such as a hadronic molecule, a tetraquark configuration or even a mixed state of these components. Although radiative decays are suppressed due to the strength of the interaction particular final states such as J/ψπ + γ are relatively easy to identify experimentally. The analysis is based on a phenomenological Lagrangian approach [12] [13] [14] together with the compositeness condition [16] [17] [18] , which is a powerful tool to formulate hadrons as bound states of their constituents using methods of quantum field theory.
When treating the Z + c as a hadronic molecule we assume that this state together with the negative Z c (3900)
− and the neutral Z c (3900) 0 partners form an isospin triplet with spin and parity quantum numbers J P = 1 + [as for example briefly discussed in Ref. [13] ].
Therefore the charged hidden-charm meson resonance Z + c is set up as a superposition of the molecular configurationsDD * as
Note that analogous states in the bottom sector (Z + b and Z ′ + b ) have also been considered previously Ref. [12] . To evaluate the radiative and dilepton decays of the molecular state Z + c we proceed in the present paper as follows. In Sec. II we briefly review the basic ideas of our approach. We set up the new resonance Z + c as aDD * molecular state and specify the relevant interaction Lagrangians for the description of the three-and four-body decays Z + c → J/ψπ + γ and Z + c → J/ψπ + ℓ + ℓ − (ℓ = e, µ). In Sec. III we introduce and discuss the kinematics of the many-body transitions. In Sec. IV we present numerical results and the discussion.
II. FRAMEWORK
Our approach to the molecular Z + c state is based on an interaction Lagrangian describing its coupling to the constituents as
Here x is the center-of-mass coordinate, y is the relative (Jacobi) coordinate of the constituents and
are the fractions of the masses of the constituents. The dimensionless constant g Zc describes the coupling strength of the Z + c to the molecularDD * components. Φ Zc (y 2 ) is a correlation function which describes the distribution of the constituent mesons in the bound state. A basic requirement for the choice of an explicit form of the correlation function Φ Zc (y 2 ) is that its Fourier transform vanishes sufficiently fast in the ultraviolet region of Euclidean space to render the Feynman diagrams ultraviolet finite. We adopt a Gaussian form for the correlation function. The Fourier transform of this vertex function is given bỹ
, where p E is the Euclidean Jacobi momentum. Λ is a size parameter characterizing the distribution of the two constituent mesons in the Z + c system. For a molecular system where the binding energy is negligible in comparison with the constituent masses this size parameter is expected to be smaller than 1 GeV. From our previous analyses of the strong two-body decays of the X, Y, Z meson resonances and of the Λ c (2940) and Σ c (2880) baryon states we deduced a value of maximally Λ ∼ 1 GeV [19] . For a very loosely bound system like the X(3872) a size parameter of Λ ∼ 0.5 GeV [15] is more suitable. Here we choose values for Λ in the range of 0.5 − 0.75 GeV which reflect a weakly bound heavy meson system. Once Λ is fixed the coupling constant g Zc is then determined by the compositeness condition [11, 14, 18] . It implies that the renormalization constant of the hadron wave function is set equal to zero with:
Σ ′ Zc is the derivative of the transverse part of the mass operator Σ µν Zc of the molecular states [see Fig. 1 ], which is defined as
We would like to stress again, that the size effects of the constituent D mesons in the Z + c (3900) are taken into account by the dimensional parameter Λ and the coupling constant g Zc . These parameters are constrained by the compositeness condition (4) -the key condition for a study of bound states in quantum field theory. It is equivalent to the normalization of the wave function in Bethe-Salpeter approaches and to the Ward identity, relating hadronic electromagnetic vertex functions to the derivative of their mass operators on the mass-shell (see detailed discussion in Refs. [16] [17] [18] ). An analytical expression for the coupling g Zc is given in Appendix A. In the calculation the mass of the Z c is expressed in terms of the constituent masses and the binding energy ǫ (a variable quantity in our calculations): 
where
are the free Lagrangians of the spin-1 mesons V = Z c , D * , J/ψ and spin-0 mesons S = π, D, respectively; 
This Lagrangian is manifestly gauge-invariant. As discussed in detail in Refs. [20] - [25] , the presence of the vertex form factor in the interaction Lagrangian [like the strong-interaction Lagrangian describing the coupling of Z c to its constituents (Eq. 2)] requires special care in establishing gauge invariance. One of the possibilities is provided by a modification of the charged fields which are multiplied by an exponential containing the electromagnetic field and the electrical charge e. This procedure was first suggested in Ref. [26] and applied in Refs. [14, [27] [28] [29] [30] . In doing so the fields of the charged D = D, D * mesons are modified as
which leads to the electromagnetic gauge-invariant Lagrangian (7). The interacting terms up to first order in A µ are obtained by expanding L ZcDD * (x) in terms of I(x + , x). Diagrammatically the first order term gives rise to a nonlocal vertex with an additional photon line attached [see Fig. 2 ].
In the calculation of the three-and four-body decays Z need the four-particle DD * J/ψπ vertex generated by a phenomenological Lagrangian proposed in Ref. [11] 
where ∇ µ is the covariant derivative. The coupling constant g DD * J/ψπ is given by
as defined in Ref. [11] . The numerical value for g JDD g D * Dπ /2 √ 2 was evaluated in Ref. [11] and is expressed through g JDD g D * Dπ /2 √ 2 = 47.08.π is the pion matrixπ
and
blets of pseudoscalar and vector charmed D mesons, respectively. To simplify the calculations we neglect the transverse part of the vector propagators and of all vertex factors where the vector fields are involved. This is justified by the fact that the transverse parts only give a minor contribution to the transition amplitude. For a better and compact overview the external momenta of the three-and four-body decays are summarized in Figs 
The resulting matrix element for the three-body decay Z + c → J/ψπ + γ is gauge invariant as shown in Appendix C. It can be decomposed into the following Lorentz structures:
where with F 1 , F 235 = F 2 + F 3 + F 5 and F 4 we denote structure integrals collected in Appendix D. Since the diagrams (2, 3, 5) in Fig. 5 and Fig. 6 have the same Lorentz structure they can be summed up together. The matrix element M αβ for the four-body decay Z + c → J/ψπ + ℓ + ℓ − can be simply deduced from the matrix element for the three-body decay. We assume that only the photon contributes through conversion to the dilepton final state. Hence the matrix element for the four-body decay factorizes into a three-body part T of the Z + c → J/ψπ + γ transition and a leptonic part ℓ corresponding to the dilepton production γ → ℓ + ℓ − :
denote the spinors of the lepton and antilepton in the final state, respectively.
In the final state we sum over all polarizations. The polarization sum factorizes into three different parts, one for the Z c , one for the J/ψ, and one for the photon: 
|T |
The leptonic L ρ1ρ2 and hadronic H ρ1ρ2 tensor contributing to the Z + c → J/ψπ + ℓ + ℓ − decay rate are
where m ℓ is the lepton mass. The spin-averaged square of the amplitude for the four-body decay Z + c → J/ψπ + ℓ + ℓ − in terms of leptonic and hadronic tensors is finally written as pol.
In the next step the invariant matrix element squared, pol. |M| 2 , will be expressed in terms of Lorentz scalar products of the five momenta p 1 , p 2 , k 3 , k 4 and p. For the sake of simplicity we do not display the explicit, complicated result for pol. |M| 2 .
III. KINEMATICS θ J/ψπ + cms.
Choice of kinematical variables in the four-particle decay
To calculate the decay rates we have to specify two independent kinematical variables for the three-body decay Z + c → J/ψπ + γ and five independent ones for the four-body decay
For the three-body decay we choose the invariant Mandelstam variables as
where δm 2 γ is a cutoff parameter for the phase-space integration to avoid the infrared bremsstrahlung singularity for s 31 
The scalar products between p and one outgoing momentum can be eliminated due to momentum conservation. Now the phase space region of the three-body decay can be expressed through the following ranges for the kinematical variables [31] :
and λ(x, y, z) = x 2 + y 2 + z 2 − 2(xy + xz + yz) is the Källen triangle kinematical function.
To calculate the scalar products between the momentum vectors p 1 , p 2 , k 3 and k 4 we will consider three reference frames for the four particle phase space: the rest frame Σ Zc of the Z c meson, the dilepton center-of-mass frame Σ l , and the center-of-mass frame Σ J/ψπ of the J/ψ π-pair [see Fig. 7 ]. For the four-body decay we choose the kinematical variables suggested in Ref. [32] and extensively used e.g. in Refs. [33] - [36] :
• s 12 , the invariant mass squared of the J/ψ π-pair • s 34 , the invariant mass squared of the lepton pair • θ, the angle of the antilepton l + in Σ l with momentum k 3 and with respect to the dilepton line of flight in Σ Zc • ξ, the angle of the pion π + in Σ J/ψπ with momentum p 1 and with respect to the dimeson line of flight in Σ Zc • φ, the angle between the plane formed by the mesons J/ψ, π in Σ Zc and the corresponding plane formed by the dileptons It proves to be very helpful to introduce linear combinations of the momenta p, p 1 , p 2 , k 3 and k 4 . One of these momenta can always be eliminated due to momentum conservation:
In order to express the Lorentz scalar products in terms of the kinematical variables specified above, we need the following expressions with the general masses M, m 1 , m 2 , m 3 , m 4 (note that these expressions will hold for any four-body decay with the frames specified in Fig. 7 )
These relations are obtained by calculating the Lorentz boosts between the different frames Σ l , Σ J/ψπ and Σ Zc as done in [34] . Now all scalar products between the outgoing momenta occurring in the spin-averaged amplitude pol. |M| 2 for the four-body decay can be written as
The ranges of the variables, which define the limits of the phase-space integration, are
In our case we set M = m Zc , m 1 = m π , m 2 = m J/ψ , and m 3 = m 4 = m l . The decay rates can then be written as (see, e.g., [31] ) 
IV. NUMERICAL RESULTS
With the phenomenological Lagrangians, kinematics and partial evaluation of the transition amplitudes introduced we now can proceed to determine the widths of the three-and four-body decays numerically.
A full list of the results for the coupling g Zc and the decay widths is tabulated in Appendix E. Table I contains the values for the coupling g Zc . In Tables II-IV we display the predictions for the three-and four-body decay rates for different values of the binding energy with ǫ = 0.5MeV to 5MeV and of the cutoff in the vertex function with Λ = 500MeV to 800MeV. A substantial increase of the size parameter Λ, more suitable for a compact bound state, would lead to a sizable increase in the decay rates. Therefore, if experiment will deliver larger values for the decay rates than predicted in our approach, this could signal that the Z Zc we will use an energy cut at δm γ = 150MeV which holds for most facilities. When we apply the energy cut to the Dalitz plot in Fig. 8 we obtain Fig. 9 which has no bremsstrahlung singularity any more. In Fig. 10 we show the partial decay rate for the three-body transition Z + c → J/ψπ + γ as a function of δm γ . In Fig. 11 we give the differential decay rate dΓ 3 /ds 31 which has been evaluated from d 2 Γ 3 /ds 12 ds 31 by integration over s 12 for an energy cut at δm γ = 150MeV.
In Fig. 12 we demonstrate the sensitivity of the decay rate Γ 3 on variations of the free parameters ǫ and Λ for an energy cut at δm γ = 150MeV. We note that the dependence is rather flat, the decay rate does not change significantly under the considered variations of ǫ and Λ.
To avoid the bremsstrahlung singularity for s 31 Figs. 15 and 16 . We demonstrate the sensitivity of the decay rates Γ 4 on variations of the free parameters ǫ and Λ in Figs. 17 and 18 . Here again, the Lorentz and gauge invariant and is based on the use of the compositeness condition. We have only two model parameters: the binding energy ǫ and Λ, which is related to the size of theDD * distribution in the Z + c -meson and, therefore, controls finite-size effects. The detailed results given for these decays are typical for a molecular state. A naive estimate for a compact configuration would correspond to considerably larger values of Λ leading to a sizable enhancement of these decay rates. But this effect should be confirmed by an explicit calculation of the decay modes for a tetraquark interpretation of the Z possible partner state Z ′ + c (3900), which is treated as ā D * D * molecule [11] . As another possible continuation of this work Z + c decays can also be studied in the tetraquark model [37] . This approach is also based on the compositeness condition and was successfully applied to the study of the X(3872) as a possible tetraquark state. A full treatment of these observables for various structure interpretations can possibly help to understand the nature of these unusual meson states.
for the vector and scalar propagators, respectively. The previously discussed arbitrary parameters w 1 and w 2 are now constrained to w 1 = w 2 = 1/2. The vertex factors can be easily found by calculating the derivative of the Fourier transformed action of the corresponding diagram with respect to the fields which are attached to the vertex
The relevant vertices are denoted in Fig. 19 . One finds for the vertex factors by dropping the usual factor
are the propagators of the scalar and vector fields, respectively. As was already mentioned, the transverse parts of the vector propagators are neglected.
To test for gauge invariance every loop diagram is contracted with the photon momentum q. In the following it will be helpful to establish the following relations by taking advantage of momentum conservation p = p 1 +p 2 +q:
Multiplying diagram iI 1a with q we get
For the contraction of iI 2a with q and using (C2) we obtain
Diagram iI 3a multiplied with q reads as
FIG. 19: Vertices contributing to the three-body decay
where we have used
Furthermore we have shifted the first term of the integral containing the latter expression by k → k − q and the second term by k → k −q/2. When multiplying iI 4a with q we obtain with the help of (C3) and using momentum conservation
We get the last expression with (C4) and by multiplying iI 5a with q
Now it is easy to show that the expressions (C5) to (C9) cancel 
